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A STONE-WEIERSTRASS THEOREM WITHOUT CLOSURE UNDER SUPREMA

R. Preston McAfee and Philip J. Reny

ABSTRACT
For a compact metric space X, consider a linear subspace A of C (X') containing the constant
functions. One version of the Stone-Weierstrass theorem states that, if A separates points, then the
closure of A under both minima and maxima is dense in C (X). Similarly, by the Hahn-Banach
theorem, if A separates probability measures, A is dense in C (X). We show thatif A separates
points from probability measures, then the closure of A under minima is dense in C (X). This
theorem has applicaons in Economic Theory.
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R. Preston McAfee and Philip J. Reny*
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The classical Stone-Weierstrass theorem states that, if a linear space A of real valued
functions defined on a compact metric space X contains the constant functions, is closed under
minima and maxima, and separates points, then A is dense in C (X). The purpose of this paper is to
provide an alternative structure for sets closed under minima alone, which generates the same result.

The theorem fits between the Stone-Weierstrass theorem and a collorary to the Hahn-Banach
theorem. Let X be a compact metric space, with metric p, and A the set of probability distributions
(regular unitary measures) on X . Let &, represent the point mass measures:

1, ifxe E
5 (E)=10, ifx ¢ E.

For A ¢ C(X), define the closure under minima and maxima:

Ap={f :f(x)= lénei’%n fix),fieA,nelN},

Ay ={f : f(x)= lrg_a)S( fix),fieA,nelN}.

As usual, 1 denotes the constant function one, and A the closure of A in supnorm.

Definition 1: A linear subspace of C(X) containing 1 is said to separate points if, for x andy in X,
[fasx =[fasy for all f in A implies x=y, (1)
and to separate probability distributions if, for |L,ve A,

[fap=|fdv forall f in A implies p=v,
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and to separate points from probability distributions if, for L in A, xe X .
[rap=Jras,, for ali f in A implies p=5,. @)

One statement of the Stone-Weierstrass Theorem is

Theorem 2 (Stone-Weierstrass): If A is alinear subspace of C (X ), 1€ A then A separates points
if and only if (A )y =C (X).

Condition (1) is equivalent to the more standard definision of separakng points, namely that
S (&x)=f (y) forall f €A implies x=y, and is stated in the somewhat cumbersome way for
comparability to two subsequent results. Note that (4,,)s is a linear space closed under maxima and
minima.

A well known corollary! to the Hahn-Banach Theorem and Riesz Representation Theorem
has a similar flavor to Theorem 2.

Theorem 3 (Corollary to Hahn-Banach): IfA is a linear subspace of C (X), 1€ A , then A
separates probability distributions if and only if A=CX).

Thus, one consolidated view of these results is that, if we are given A ©C (X ), with 1€ A4,
then A is dense if it separates probability distributions from probability distributions, or if it is
closed under minima and maxima and separates points. In the next section, we prove the following
intennediate result.

Theorem 4: IfA is a linear subspace of C (X),1€ A , then A separates paoints from probability
distributions if and only if fﬁ = 147 =CX).

This is an intennediate result in the sense that we can eliminate the closure under maxima in
the Stone-Weierstrass theorem if A separates points from probability distributions, and eliminate
closure under both maxima and minima if A separates probability distributions from probability
distributions. Thus, separating points from probability distributions substitutes for the ability to take
maxima in the Stone-Weierstrass theorem.

Consider for example, the set of quadrasics on [0,1]:

A = {0, + 0y x +0px? : (00 ,00,00)e R}

Clearly A=A=C [O,1]. However, A separates points from probability distributions. That is, for if
He A, 1 # Oy, then:

f(x —y)zdﬁy(x)=0<j(x —y)? du(x).

1. See, for example, Friedman (1970), Corollary 4.8.7, p. 153, and note that the norm dual of C (X} is the set of regular
signed measures. Since 1€A, Jf (du* — dp”) =0 allows p*, u~ € A without loss of generality, where i = p* ~ pn~is the
Jordan decomposition of .



Therefore, according to Theorem 4, X,:,- =A? = (C[0,1]. Thus, the present Theorem is not a
consequence of the Hahn-Banach Corollary. Similarly, if A is the set of linear functions an [0,1],

A= {0, +0oyx : (0, 0y)e R?},

A separates points, SO m = C[0,1]. Incidentally, (A,,)) is the subspace of all piecewise linear
functions on [0,1]. However, A fails to separate points from probability distributions, and fﬁ is the
set of convex functions. This example dissinguishes the present Theorem from Stone-Weierstrass.

Problems for which only minima or maxima, but not both, may be taken arise in a natural
way in economic theory. Suppose the value v of an object for sale (e.g. an oil lease) is correlated to
an observable s (for example, the results of a sample drilling). Let f (s / v) be the density of s,
givenv. Suppose the potential buyer, but not the seller, knows v. Can the seller on average charge
the potential buyer his value v? This reduces to solving the equation

v=£z(s)f(s/v)ds,

where z (s) is the price charged when the outcome s arises. Assume s is a draw from a compact
metric space S .

If the seller offers the buyer a set {z1, . . . ,z» } of charges, and lets the buyer choose the
charge he likes best (i.e. which minimizes the expected charge) the seller will earn, on average,

p)= min [ z(s)f (s 1v)ds,

assuming the buyer agrees to buy, that is, the minimum expected charge p (v) is less than v. If

R={z()f(s/)ds:zeCSh

then the seller can charge the buyer his value (on average) if the identity is in R,,. Obviously, the
seller can get arbitrarily close if Ia = C [0, v], where values fall in [0, v ]. Note that 1€ R since
f(-/v)isadensity. This problem, and others like it, are explored in [4] and [S]. We shall return to
a special case of this class of problems in the final section.

Proof of Theorem 4
For this section, X is a compact metric space with metric p, A is a linear subspace of C (X),
and 1eA.

Definition 5: Let €0, 6>0. A positive continuous function f is a nearly u-shaped function aty of
order (,0) if f (y) £ € and p(x,y) > 0 implies f (x) 2 1.

The set of nearly u-shaped funcsons at y of order (g, 8) is denoted U (v, €, d).
We shall make use of three obvious properties of the sets U (y, €, 8).



0<e <6¢,,0<6<08,=2>UWy,e.0)c Uly,e,,d,), @
each U(y,&9d) is convex, and ?3)
each U(y,¢&,d) has nonempty interior. @

The last fact follows from the observation that the € / 4 ball around € / 2 + p(-,y ) / 8 is contained in
U (y,¢,9). The following lemma shows that E =(C(X)ifand only if A contains u-shaped
functions at every x €X of all orders (¢, ). This lemma is critical to the proof of the theorem.
Lemma 6: Suppose A< C (X) is a linear subspace, 1€ A. Then K,: =CX) if and only if
forally inX and all €,650,U (y £,0)N4 #9.

Proof: (=) Fix yeX,e£>0,and > 0. Sinceg,";:C(X),there are f;,...,f,€A sothat

| min 7,00 —/2+px,y)/8) | <e12, vxex.

1si<

Thus, there exists je {1,...,n} with

| f,00-er2 | <er2.

From

fikx)2 1Tzi2n Fikx)2p(x,y) /3,

we easily infer f; € U (¥ ,&,0).
(<) Fix f eC(X), and € > 0. Define

o=max f (x) — minf(x).
xeX xeX

If oo =0, we’re done, since 1e A. So suppose o.>0. Since f is continuous, there is a >0 so that

pxy)<B= | Forr | <er2.

ForeachyeX, choose geA U (y £/3a, B), and define
h=o0g+(f (y)+e/2leA.

Note



| ) -f o) | —agp)+e/2<00e/30)+e/2 <.

For p(x,y ) < B,
hGx)~fx)=0g(xX)+f(y)-fx)+e/22f(@)~f(x)+e/220.

Forp(x,y )=, we have
hx)—fx)=ag(x)+f@)-f(x)+e/2204f (y)~f(x)+€/220,

by the definition of o,
Thus h(x) 2 f (x)and h () < f (y) + €. Now define the set (recall that h depends on y):

SO)={x:h(x)<f(x)+e}

Clearly, {S (y) : ye X } forms an open cover of X, since ye S (y). Because X is compact, there is a
finite subcover S (xy), . . . » S (x,, ), with associated functions 4y, - - - ,A,,.
By construction, 0 £ 1r<n_i2 h;(x)—f(x)<eforal xeX, and thus f €A4,, as desired. QED

St Sn

Remark: The nearly u-shaped functions permit approximasion from above, in the sense that the
lower envelope, produced by minima, approximates any function. This occurs because u-shaped
functions take minima near a chosen point ¥, and then rise sufficiently rapidly away from y .

Theorem 4: Suppose A is a linear subspace of C (X), where X is a compact metric space, and
1eA. Then A,, = C(X) if and only if A separates points from probability distributions.

Proof: (=) Suppose peA, | # 8,. Then there exists 6 > 0 so that

f dux) <1,
N:()

where Ng(y)={x /p(x,y)<d}. Lete<1- J d\Ux), and choose f € U (y,&,8) ./ A. Sucha
Ngiy)

function exists by Lemma 6. Then

[# du=st(y)fdu +IX\WfduzX \,jv s@)fduafx B

=1—,[,5@) dp>e2f(y),



and so f € A and f separates y from p, as desired.

(<) Suppose by way of contradiction that .;1—,: # C(X). By Lemma 6, there exists y, €,>0, and
d,>0sothat U(y, ¢, 6,) A =. Since A is linear, and hence convex and U (y , €,,9,) is
convex, with nonempty interior, there is a separating functional 2. Thus, there is a signed measure p,
and a constant ¢ with :

for all geA and all feU(y.&,,8,), we have Jgdpscs[fdp. 6)
Since A is a linear space, we can assume ¢=0 and Igd p=Oforall g inA.

Let p=p*— u™ be the Jordan Decomposition of i (see [6, pp. 235-6]), with associated sets
S* and S~ satisfying:

S*\S =¢ and !

- + -
=] dur=o.

S
Since 1eA, [dput=[dyu.

Since both pt, and p are finite, we may take u*, p~e A without loss of generality, by
rescaling. Neither u* nor u™can be 6, , for if either is equal to 6, (5) contradicts (6). Since pu™is
regular (see [1, Theorem 1.1, p.7]), there is a closed set ¥CS~ and 0 <3 < §, so that ¥ \Ns(y) =D
and u.~("t) >0. Choose K >1/U7(¥) = 1, and define

0, if xeNsQy)
f@x)={K, if xe¥
1, if xeWUN§»)
and observe, since ¥YNS+ =, that

Jran=[rap*-[rap-<1-x[, aw<o. ©

By [1, Theorem 1.2, p. 8]° there is a sequence {f, }<C (X) satisfying
(@) fp(x)=1forall xeNg(x,);

() O0=f,x)<K for all xeX;

(¢) fn()=0;and

2. See[2, Theorem 8 in Part I, $.417]}. Itis important io note that |l is a regular measure. See [2, Theorem 2, in Part I,
p.-262}.
3. This is a straightforward application of the Tietze Extension Theorem.



@) fakx)- fE)foral xeX

By (@)-(c), freU(¥,&,,8)cU(y,¢&,,8,). By (b),(d),and (7):

[fadun— Jran<o,

which contradicts (6) and ¢ =0. This completes the proof. Q.E.D.

Remark: A—,,T may be replaced by A_A;- in the statement of the theorem, by noting
Ay ==((-A),)=-A,,,since A islinear. In addition, if A is a convex cone and both 1 and —1 are
inA, lemma 6 and theorem 4 continue to hold, with trivial modifications of the proof.

Conclusion

When the metric space X is an interval [a, b] of the real line, the Stone-Weierstrass theorem
has an appealing corollary, namely that if 1 and a strictly increasing function are in A , then
m =C [a,b]. There is an analogous corollary for the present theorem.
Corollary 7 : Suppose A is alinear subspace of C [a ,b] containing 1 and two functions f and g
satisfying:

f is strictly increasing, (8)
x)-20) . . . o

and EX)780) is strictly increasing in x#y, for all y* 9

FO-f) y inereasing ’ ®

Then./§= Cla,bl.
Proof: Observe that, if x <y <z, then

gx)-g() _ gz)-8()
f@ -fO0) f@-fO)

Therefore, there is a function (not necessarily continuous) ¢ so that

lim £®)-g0) < lim &®¥)-e0Q)
o Fm—foy SO M o)

Moreover, @ is strictly increasing, forifx <y <z:

80N -g(x) _ 80)—¢g(@)
fO)-fx) fOo)-f()

ofx) < < o(z).

Consider B, (y) =g (y)— ofx)f (), and note B, is in A, and satisfies

4. The function (g (x)-g (¥)) / (f (x)-f (»)) necessarily has left and right limits as x — y, if (9) holds, for a<y<b.



- = - 80)-8() _
Bx0) - B ) =(F (&) f(x)){f(y)_f(x) Ot(x)} 20,
with equality if and only if y =x. Thus, if v#90,,

b b
[B03ave) > [ Bet)dv 0) =B o).

Consequently, (5) is satisfied Q.E.D.

Remark: If f and g are twice differentiable, (8) and (9) reduce to f>0and (g’ / f ”)” > 0, which are
easy to check, as we illustrate in the following example.

Example 7T: Suppose a random variable s has cumulative distribution function s* forse[0,1]. An
economic agent who knows v is to be offered a menu {z; } of payments. This agent chooses the
charge with the least expected value:

1
— mi . v-1
p(v)= llsnilrsln _£ z;(s)vsV ~ ds.

Is the set of such charges dense in C [0, 13?7 That is, if the agent’s value of an object for sale
is (v), is there a menu {z;(s)} that approximately charges the agent his value?
The answer is yes. Consider

A={f :f(v)=.£lz(s)vs"'lds,zeC[O, 13}.

Note that A contains 1 (using z =1),f (v)=v /(v +1) (forz(s)=s)),and g(v)=v / (v+2) (for
z(s)= sz). It is easily verified that f and g satisfy the hypotheses of the corollary, so A,, = C[0, 1].
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